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Abstract-Experiments have shown that an axisymmetric, laminar, buoyant jet in a stably stratified 
environment induces the flow of a toroidal cell around itself. The inner portion of the cell is driven upward 
by the viscous shearing of the jet, and the outer portion descends due to a negative buoyancy force. Under 
certain limiting conditions, this cell draws along a thin layer of the lower density jet and surrounds itself 
with it in the form of a shroud. The shroud flows in a direction opposite to the jet, and its density is similar 
to that of the jet. Conditions favorable to shroud production require that the environment be stably strati- 
tied and that the molecular diffusivities of the fluids involved be extremely small. Turbulent jets are not 

expected to produce an appreciable shroud. 

INTRODUCTION 

RECENT concern about air and water pollution 
has caused considerable interest in the flow of 
buoyant materials in stably stratified environ- 
ments. The fluids in man’s natural surroundings 
are stratified. Smoke from a stack flows into the 
air as a buoyant jet, as does sewage that is 
pumped into quiescent or running water. Since 
such flows, as well as those associated with 
natural phenomena, are often turbulent, little 
work has been done concerning laminar flows. 
Due to the tremendous efficiency of turbulent 
mixing, such a jet mixes quite well with its 
entraining environment. If pollutants are dis- 
charged in this way, the effectiveness of any 
attempt to rid the local surroundings of them is 
limited. One might consider the possible ad- 
vantage of emitting them as laminar jets. This 
study was motivated by the need to learn more 
about the flow of a laminar jet into a stably 
stratified environment. 

A theoretical model of the laminar, axi- 
symmetric, vertical plume in a stably stratified 

environment was formulated by Morton [6]. 
He considered fluids with a Prandtl number 
equal to or greater than 1, and plumes which 
were generated solely by thermal sources ; that 
is, plumes driven solely by a buoyancy force, 
without the introduction of mass or momentum 
at the source. The analysis was based on a postu- 
lated entrainment model, and accuracy was not 
expected to be any better than an order of 
magnitude. 

The technique employed in Morton’s analysis 
of the laminar plumes was the same as used by 
Morton et al. [7], and again by Morton [S], in 
investigations of turbulent forced plumes. In all 
of these studies the plumes were assumed to 
have profiles of vertical velocity and buoyancy 
which were similar at all heights. In some cases 
these profiles were assumed to decay exponenti- 
ally from a maximum at the axis (Gaussian), 
and in others they were assumed uniform across 
the plume and zero outside (“top hat”). The 
entrainment rate scaled the mass inflow at the 
edge of the plume to the vertical velocity at that 
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level, and was assumed to be proportional to 
some flow parameter. 

Whereas the profiles and entrainment rates 
scale with the velocity in the turbulent plumes, 
they were found dependent on the Reynolds 
number in the laminar ones. In all three studies, 
the steady-state equations conserving mass, 
momentum, and buoyancy were non-dimen- 
sionalized and solved for the assumed profiles. 

Loh-Nien Fan [3] experimented with turbu- 
lent jets ; one was axisymmetric and vertical 
in a stagnant, linearly, and stably stratified salt 
water environment. This study of a turbulent 
jet is mentioned here because the stratification 
technique and non-dimensionalization schemes 
used are similar to those employed in the present 
study. 

Fan achieved density stratification by filling 
the tank, layer by layer, with solutions of different 
densities. The heaviest solution was poured in 
first, and additional ones were gently introduced 
through a floating, plastic tube. Each new layer 
was lighter than the previous one and spread out 
horizontally on top. Each layer was an inch or 
two thick, but the resulting density profiles did 
not remain step-like because of molecular 
diffusion as well as mixing resulting from the 
disturbances introduced by the inflow of each 
layer. Local density was determined by a 
hydrometer. 

Fan found that vertical turbulent jets could be 
characterized by two parameters, the Froude 
and Stratification numbers. The turbulent 
mixing process is an efficient and violent one, 
and the effects of turbulent diffusion are usually 
much larger than those resulting from molecular 
processes. Therefore, most physical quantities 
scale to velocity, or to turbulent intensity, 
regardless of the particular chemical, thermal, or 
momentum diffusivities involved. For a laminar 
flow, additional parameters will arise to com- 
pletely specify the flow. These parameters relate 
the various molecular diffusivities which regu- 
late laminar flow and diffusion, and they are 
determined from the set of governing equations. 

This study will concern itself only with the 
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steady-state flow of fresh and salt water jets in 
a stably stratified salt water environment. This 
allows the following assumptions: that density 
differences are related only to salt content, and 
that all other properties are constant. The flow 
is considered to be quasistatic, and the effect of 
changing density on continuity is assumed 
negligible. 

The equations conserving mass, momentum, 
and chemical species are written for an axi- 
symmetric and laminar flow field as follows : 

v.w=o (1) 

w.vu = -(l/p)p, + vv2u - it; 
I’ (2) 

w.vu = - (llP)P,+vv2u+&& -P)/P (3) 

W.Vc = DV’c (4) 

where c is the local salt concentration, and pm 
is the density of the environment at the particular 
vertical location. ‘One notes from the appearance 

of Pm, that the effects of hydrostatic pressure 
variation have been included in the buoyancy 
term of equation (3) thus permitting the isola- 
tion of the pressure field associated with motion, 

P. 
The diffusion of salt into water is relatively 

slow, and the density of a large portion of the 
jet remains constant at its initial value defined 
as pP Taking p. as the density of the stratified 
environment at the level of the nozzle, Uj as the 
average velocity of the jet at that level, and d as 
the nozzle diameter, it is convenient to non- 
dimensionalize all physical quantities as follows : 

X = x/d R = rJd 

u = U/Uj v = VIUj w = W/Uj 

p= p 
pu3/2 

M/o-p 
PO - Pj’ 

The equivalent to the Boussinesq approxima- 
tion, used in thermally buoyant flows, is to 
assume that differences in density are small and 
linearly proportional to c, the salt concentration. 
Thus, c may be written simply in terms of p or M. 

The above nondimensionalization scheme 
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FIG. 1. Jet and shroud as shown by dye. 
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FIG. 2. Time exposure of particles suspended in flow. 
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FIG. 3. Photographs used in determination of velocity profile. 
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FIG, 5. Inlerfwograms of four flow fields. 
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results in the following dimensionless para- 
meters : 

Re = ujd/v 

SC = v/D 

-(Pcu)x 
T = (PO - Pj) 

The stratification number above, T, is equivalent 
to the inverse of the nondimensional stratifica- 
tion length. For linear stratification, this length 
is defined as the number of nozzle diameters 
above the nozzle where the density of the far 
field is the same as that of the lighter, jet material ; 
that is, where pm = pj 

This is the level of neutral buoyancy. With 
the sign convention employed, T is positive for 
a relatively light jet flowing upward (or a heavy 
jet flowing downward) in an environment in 
which the density decreases with height (stable 
stratification). 

For convenience, only flow fields in which the 
environment can be approximated as linearly 
stratified will be considered. By doing this, the 
distribution of stratified density is related to X 
linearly through T. If a co-ordinate system is 
defined such that X = x = 0 at the nozzle 
(where pm = p,,), then the following simplifica- 
tion results : 

Pm 
-‘O= -TX. 

PO - Pj 

The governing equations are written below 
for flow in a linearly stratified environment, in 
terms of the previously defined quantities. 

v.w=o (5) 

W.VV=(l/Re)V2V-(1/Re)~-~P~ (6) 

W. VU=(l/Re)V’U--+Px 

+ (Pj/PXI/Fr2XM- TX) (7) 

W. AM=(l/ReSc)V’M. (8) 

The effects of buoyancy appear in the last 
term of equation (7). The quantity (pi/p)? 
appearing in this term, is very close to unity as 
long as density variations are small. In our 
experiments pj/p is in the range from 0997 to 
1.0 and is assumed equal to one in subsequent 
use of the equations. 

The flow involves four equations and four 
unknown distributions: U, V, M and P. The 
equations are strongly coupled, making analysis 
very difficult. Experimentation seems the best 
initial approach to understanding the flow. As 
shown by the above equations, the nature of the 
flow is completely specified by the parameters : 
Re, Fr, ReSc and T. 

EXPERIMENTAL FINDINGS 

Three separate experimental methods were 
used in our study of such jets, each designed to 
determine a different characteristic of the flow 
field. In order to see initially how the jet flowed, 
and where the jet fluid eventually went, a set of 
experiments were conducted in which Nigrosin 
dye was used in the jet. A subsequent series of 
tests were run to determine the velocities of the 
jet and surrounding fluid. To accomplish this, 
Pliolite particles of about 0005 in. dia. were 
suspended in the water of both the jet and the 
environment, and time exposures of the flow 
taken. Finally, an interferometric study was 
carried out to determine the density distribution 
in the flow field and in the surrounding region. 

All experiments were performed in a tank 
internally twelve inches deep, six inches wide, 
and three inches thick. The jet nozzle opening 
was one-sixteenth of an inch in diameter, two 
inches from the bottom of the tank, and per- 
manently aimed vertically upward. The en- 
vironment was a stably stratified, salt water 
solution with never more than three parts of 
salt per thousand parts of water. The water 
depth was kept constant in the tank by an over- 
flow. A wire grid was used in the field as a 
location reference scale. 

Stable stratification was accomplished by a 
method similar to that used by Fan except that, 
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in our study, successively heavier salt water 
solutions were introduced at the bottom of the 
tank. The local density, or salt concentration. in 
the undisturbed region of the tank was deter- 
mined locally by electrical resistivity measure- 
ments of the solution. The stratification quickly 
became linear to the accuracy of our instru- 
ments and remained so. 

The nozzle velocity of the jet was held con- 
stant by maintaining a constant difference in 
level between the free-surface of the jet reservoir 
and the free surface of the test tank. The velo- 
city was controlled so as to produce a laminar 

0 

flow. Reynolds number limits for laminar jets 
have been suggested by Da C’Andrade [2], 
Sato [9], Batchelor and Gill [l], Reynolds [S] o 
and Viilu [lo]. Depending on the criterion 

chosen, the predicted laminar limit ranges from 
Re = 30 to Re = 300. We were not concerned 2 o 
with the exact limit, and our experiments were 
limited to a range of Reynolds numbers which - 
produced jets which appeared smooth and $ o 
laminar. For the most part. the experiments f 
were performed over the following range of the 2 
relevant parameters : = 

g ( > 
9.1 d Re < 136 

SC = 635 

0.175 < Fr 6 39.3 

0.007 < T 6 0.054. -c 

is moving upward at a velocity comparable to 
that of the outer edge of the jet. By the same 
argument, the outer edge of the torroidal cell 
flows downward at the same velocity as the inner 
edge of the shroud beyond. Outside of this 
shroud, the field appears almost motionless. 
The actual velocity of the fluid may be ascer- 
tained from time exposures taken of the particles 
suspended in the flow. Figure 3 shows a set of 
photographs for one typical flow. Figure 4 is a 

The main feature of the resulting flows was a 
tall, slender, laminar jet ending in a spreading 
cloud-&e formation at approximately the level 
of neutral buoyancy’of the initial jet material. 
In addition, experiments performed with dye 
showed the formation of a shroud flowing down- 
ward at some distance from the jet and ending 
in a region which we call the shroud base (see 
Fig. 1). 

In the region between the jet and the shroud, 
the flow was that of a tall, narrow, toroidal cell. 
The streamlines in the plane of the jet for a 
typical cell are shown in Fig. 2. The result of 
viscous drag is that the flow adjacent to the jet 
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FIG. 4. Vertical velocity as a function of radial location at 
1: in. above the nozzle for a typical flow, as calculated from 

particle traces. 

velocity profile calculated from such photo- 
graphs for a given jet. Some additional details 
concerning velocity determination are given in 
Appendix A. 

The toroidal cell is drawn upward by the 
viscous action of the jet. This fluid becomes 
relatively heavier than the surrounding stratified 
fluid. Eventually, the negative buoyancy force 
exceeds the upward shear force, and the fluid 
reverses direction and flows down, to complete 
the cellular motion. 
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The small density differences in these flows. 
combined with the short effective optical path 
length through the axisymmetric flow field, 
made it impossible to determine the exact 
density variation through the flow region by 
interferometric fringe interpretation. However, 
based on the data available and on the knowledge 
gained from experiments conducted with dye 
and particles, a simple density field has been 
postulated as discussed in Appendix B. 

A qualitative evaluation of the density field 
indicates that the shroud. which is flowing down- 
ward outside of the cell, is made up of relatively 
light fluid from the jet. This shroud must be 
thought of as a layer of lighter material being 
dragged down by the outer edge of the falling cell. 
The shroud appears to separate from the cell 
near the bottom, as the cell turns inward. After 
this separation, the light material of the shroud 
apparently turns outward and slowly mixes with 
the ambient field while attempting to rise due to 
the positive buoyancy force still exerted on it. 

Calculations based on the postulated density 
field indicated that the density of the fluid in the 
toroidal cell is only slightly less than p,,, that is, 
the density of the stratified medium at the level 
of the nozzle. Given the magnitude of experi- 
mental errors, the density throughout the cell 
may be assumed equal to pO without contra- 
dicting interferometric data. Figure 5 shows four 
representative interferograms. Their evaluation 
is discussed in Appendix B. 

RESULTS 

This flow is a complex one and can perhaps 
be best thought of as seven separate ones coupled 
together at their adjacent boundaries. Figure 6 
shows the seven postulated zones. This section 
will discuss each in detail. 

Zone 1, jet core 
In this zone there is no salt diffusion. Thus, 

the flow involves three unknowns (U, V and P), 
the three equations (5)-(7), and the boundary 
conditions imposed by the inner edge of Zone 2. 

Consider flows in which the jet core extends a 
distance on the order of l/T axially and 1 
radially. If variations in velocity are smooth 
and regular, a relationship between axial and 
radial velocity components may be estimated 
from the continuity considerations, 

V R -N- 
u x 

which implies : 

v 1 _-_--=T 
U l/T 

This information can be used to assign an 
order of magnitude to the terms in the 
momentum equations, which are written out 
below, along with the associated orders of 
magnitude for the various terms. Recall that 
0 = O(1). 

vv,+uv+~ ;v,+v,,+v&-g ( > --3PR 

T2 PI-= & & ; = P Re 

vLi,+uu,=~ U~R+tJ** ) -+P,+ &=f 
T T 

1 1 

Re 
T2 PT 1 - 

& Re 
- 
Fi-2 

(9) 
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The magnitude of the motion pressure may 
be ascertained from equation (9). In most cases 
of practical interest T is much less than one 
(the stratification length is much greater than 

the nozzle diameter). and the largest term of the 
radial momentum equation is either of the order 
T2 or TjRe, depending on the relative magnitude 
of T and Re. If Re,3 l/T, O(P) = O(T’). or if 
Re < 1/T. O(P) = O(T/Re). 

The magnitude of the terms in the axial 

momentum equation is the same as in the radial 
momentum one, multiplied by a factor of l/T. 
Therefore, if T is very much less than one, the 

radial effects are much less than the axial--and 
may be ignored. On the other hand. if O(T), 3 1, 

radial momentum is important and may not be 
ignored. The physical significance of this is that 
if the stratification is strong the jet cannot rise 

very far before buoyancy becomes negative. 
Such a jet must begin to flare out quite fast and 
reverse its flow direction and radial momentum 

is obviously important. If the stratification is 
weak. T 4 1, radial momentum is unimportant, 
and motion pressure in the jet core may be 
considered to vary with X only. Examination of 
the relative magnitude of the terms in equations 

(9) and (10) shows this to be true even for low 
Reynolds number flows. The remainder of this 
discussion will deal with such weak stratification, 
thus radial variations in pressure and momentum 
are negligible in the jet core. 

We will now examine how the pressure term 
compares in size to the other terms in equation 
(10). Using the order of P determined from the 
analysis of equation (9) if Re, 3 l/T, P, = 0( T 3), 
or if Re < l/T. P, = 0(T2/Re). In either case, 

this suggests that the motion pressure term 
differs from the dominant terms of the axial 
momentum equation by an order of T’. Experi- 
ments performed with particles suspended in the 
flow indicate that the velocities outside of the 
jet core are on the order of one tenth those in the 
core (see Fig. 4). The pressure variations due to 
motion outside of the jet core, i.e. in the cell, 
would be of negligible order in the jet and it may 
be assumed that the pressure in the jet is equal 

to the local hydrostatic pressure. for T G 1. 
Axial momentum is, therefore, affected by 

only two forces : viscous shearing and buoyancy. 
For certain values of the Froude and Reynolds 
numbers. some terms become relatively un- 

important, and the axial momentum equation 
may be written in a simplified form. The follow- 
ing table covers the range of possible combina- 
tions of the size of the parameters. and the 

characterizations of the different classes of jet 
flow resulting. The discussion is restricted to 

flows for which T 6 1. The letters denote 
regimes of flow. 

Re<<O(l/T) Re=O(l/T) ReBO(l/T) 

Fr2 +0(1/T) a b b, c 
Fr2 = 0( l/T) d c 
Fr2 % 0(1/T) d, f F C 

Note that for the Froude number much 

smaller than one. the velocity induced by 
buoyancy may be greater than up and the 

assumption that U = O(1) may no longer be 
correct. In this event, the assigned orders of 
magnitude are incorrect and results based on 
them are invalid. Under certain conditions this 
is the case for classes (a) and (b). 

Tall, thin laminar jets, in a weakly stratified 
environment, are limited to classes (a). (b) and 
(e). For jets of class (a), the axial momentum 
equation reduces to : 

V2U = -(Re/Fr2) (A4 - TX). 

That is, viscous and buoyancy forces balance. 
The applicable equation for jets of class (e) is: 

w.VU = (l/Re)V’U + (1/Fr2)(M - TX). 

For jets of class (c) flowing in a weakly 
stratified environment (T 4 l), the Reynolds 
number is large and the flow turbulent. By the 
definition of classes (d) and (f), the Froude 
number must be much bigger than the Reynolds 
number. For any given fluid and nozzle dia- 
meter, the only way to achieve such a condition 
is to have a very small density difference between 
the jet and its environment. If this density 
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difference is very small, the stratification number 
can be small only if the variation of pm with X 
is very small. From a practical point of view, 
classes (d) and (f) must be considered to be non- 
buoyant jets flowing in a uniform environment. 

Summarizing for tall and thin jets, flow in 
zone 1 is governed by considerations of con- 
tinuity and conservation of axial momentum. 
The flow in the jet core is regulated by Re, Fr and 
T. By the way in which zone 1 is defined, (the 
region where p =pj) the Schmidt number only 
serves to locate its boundary. If the Schmidt 
number is small, salt diffusion is so rapid that 

tone I 
number Zone name ; 6 

2 
3 

54 
6 
7 

Jet care 
JOi-C8ii interface 

FIG. 6. Sketch of the seven flow zones. 

this zone exists only near the nozzle. On the 
other hand, if the Schmidt number is very large, 
the density of the entire jet is uniform, and the 
core may be thought to extend all the way to the 
inner edge of the cell. 

Zone 2, jet-cell inter@e 
This is the thin region where molecular 

diffusion of salt occurs between the toroidal cell 
and jet. It is characterized by viscous forces and 
a large concentration gradient. This zone is 
increasingly thin as the Schmidt number in- 
creases. For SC = 635, this region could probably 
be neglected and density taken as a step function 
from the jet density, pj, to some other value at 
the inner edge of the cell. 

Zone 3, to~o~du~ cell 
It has been postulated that the toroidal cell 

is formed by the jet dragging fluid up from the 
far field at the level of the nozzle. If this is true, 
the density of zone 3 must be essentially po, 
and the cell flow is described by three unknowns 
(U, V and P) governed by three conservation 
equations (mass, radial momentum, and axial 
momentum). As in zone 1, the flow in the toroidal 
cell depends on Re, Fr and 7’. The Schmidt 
number only serves to locate its boundaries. 

In equilibrium, the upward shear stress must 
equal the negative buovancy force. This balance 
may be used to estimate the overall size of this 
zone. Experiments indicate that a conical 
con~guration is a reasonable approximation 
for the shape of the cell. Figure 7 shows a cross 
section of such a cone, and the forces acting on it. 

Since all of the potential and kinetic energy of 
the jet is dissipated by viscous shearing, it 
seems likely that the total shear stress acting 
on the toroidal cell may be related directly to 
the jet flow. Since shear stress depends on 
viscosity and the local velocity gradient, we 
assume that this stress is proportional to the 
jet velocity. For flows in which the characteristic 
jet velocity is its nozzle velocity, that is, large 
Froude number, the total shear force may be 
related to uj and to jet diameter d. Defining k as 
an unknown constant of proportionality re- 
lating the shear stress per unit length to the jet 
velocity, the total shear force per unit length is 
written as r = ~kuj/d. Using the boundaries for 
zone 3 that are shown in Fig. 7, assuming that 
the density throughout the zone is po, and using 
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Jet core 

FIG. 7. Sketch of conical approximation to toroidai cell 
and forces acting on it. 

a nondimensional length scale based on d, the 
force balance equating shear to buoyancy is 
written as follows : 

x (1 - T-VI2 - G)‘> [(PC, - p,lgldX. (11) 

For linear stratification in the far field, equation 
(11) yields the following relationship between 
the size of the toroidal cell, R,, and the para- 
meters of the jet flow 

R, = &S + (12k/n)(Fr2/Re)] - 3. (12) 

Although experimental data shows considcr- 
able scatter, jets in a weakly stratified environ- 
ment generated flows in which the maximum 
radial extent of the cell could best be character- 
ized by: 

R 1 = &l + 20(Fr2/Re)] - ). 

This result implies that k = ({)n. Other approxi- 
mations for the shear stress may be used by 

modifying the assumed flow conditions. For 
example, the jet core diameter may be con- 
sidered to vary with height. 

Thus. the radial extent of the toroidal cell 
apparently depends on the ratio of Fr2/Re. This 
quantity is the ratio of viscous force to buoyancy. 
For a given fluid and density difference (p,, - yj), 
Fr’/Re varies directly with the initial velocity 
of the jet. The increase of the radial extent of the 
toroidal cell with jet velocity (F?/‘Re) may be 
seen in the interferograms of Fig. 5. 

Zone 4, shroud 
The flow in this region is similar to that of 

zone 2 in that it is characterized by considerable 
viscous shearing and salt diffusion. One main 
difference in the shroud, however, is that the 
buoyancy force opposes the direction of flow. 
In the shroud, radial momentum may be 
ignored (as long as the conditions which were 
discussed in regard to zone 1 are met). and, 
since shroud velocities are very small, pressure 
may be considered to be hydrostatic only. In 
this zone, three unknown distributions (U, V 
and M) are governed by three equations (5). (7) 
and (8). 

Zone 5, far field 
Observations made with particles indicate 

that immediately outside of the shroud a small 
amount of fluid is slowly dragged down. This 
fluid then circulates in the same type of cellular 
motion which characterizes the toroidal cell, 
zone 3. However, this effect in the far field is 
very small, i.e. the velocities and cell sizes are 
small. If this motion is ignored, the far field is 
simply a region of no flow and provides simple 
boundary conditions at the outer edge of the 
shroud. 

Zone 6, the cloud 
This region differs from the preceding five in 

that variations with time may not be disregarded. 
When the jet is started, the cloud does not exist ; 
it grows with time. Flow in the cloud also in- 
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eludes the region of the momentum overshoot of 
the jet. This fluid then tends to flatten into a 
sheet at the level of neutral buoyancy. Since 
there is a finite amount of molecular diffusion, 
a finite size to the test tank, and since the den- 
sity differences throughout the region are rela- 
tively small, a definite sheet is not formed. The 
early growth of the cloud with time is seen in 
Fig. 1. 

Figure 8a shows the entire field, including the 
overshoot and spreading of the cloud. The dome 
shaped fringes at the top of the interferogram 
show the region of overshoot. Slightly below 
this, the fringes of the far field are spread out. 
This corresponds to the level of neutral buoy- 
ancy of the jet and reveals the spreading out of 
the netural density cloud here. 

Zone I, shroud base 
Like the cloud, this region does not exhibit a 

steady-state behavior while the jet is maintained. 
Just as the cloud received most of the fluid from 
the jet, the shroud base receives the fluid from the 
shroud. Since this fluid is generally lighter than 
the surrounding far field, it tends to rise. How- 
ever, due to diffusion and the convection 
associated with the upward motion, it slowly 
mixes into the surroundings. If a jet is run 
sufficiently long, the accumulation of fluid in 
zone 7 effectively changes what was con- 
sidered to be the distant undisturbed region. 

CONCLUSIONS 

The flow of buoyant jets of the type considered 
here is completely defined by four parameters, 
Re, T, ReSc and Fr, and the shroud is observed 
only for certain limiting values of these para- 
meters. This section will discuss the ranges over 
which each parameter may vary and maintain 
flows favorable to shroud production. If one 
desires to minimize the mixing of the jet with its 
environment, the production of a shroud must 
be avoided. 

Reynolds number 
The shroud is formed by the induced motion 

of the toroidal cell, which in turn is driven by the 
viscous shearing of the jet. For jets with Rey- 
nolds numbers below about 10, in stably 
stratified salt water, this shroud is practically 
undiscernible because its density is almost the 
same as that of the far field. This shroud is weak 
(has a small density deficiency) because it is 
diffused away almost as fast as it is formed. The 
relative importance of salt diffusion is related 
to the ReSc product. 

Jets with Reynolds numbers over 100 are 
near the laminar limit, and the shroud tends to 
become unsteady, and to separate from the 
driving cell. Figure 9a shows the deterioration of 
the shroud at Re = 136. No shrouds were pro- 
duced at all for Reynolds number greater than 
about 200 because of the onset of turbulence in 
the jet. The exact laminar limit for the jet is not 
expected to be a single value in such flows, but 
will likely depend on the Froude and Stratilica- 
tion numbers because of their effects on velocity, 
through buoyancy. Figure 9b shows a jet which 
has become completely turbulent at the top. 
Turbulent mixing has suppressed the formation 
of the shroud. 

Stratification number 
The cellular motion found in the region 

between the jet and the shroud will occur only 
if the density of the environment decreases with 
height (stable stratification). Since the formation 
of the shroud depends on the downward motion 
of the outer portion of the toroidal cell, stable 
stratification is a requirement for shroud pro- 
duction. 

ReSc product 
Unfortunately, the experiment did not permit 

a variation of the Schmidt number. However, 
this is not a serious drawback because the 
relative importance of salt diffusion is shown by 
the ReSc product, not by the Schmidt number 
alone. The only thing that may be said about 
Schmidt number dependence is based on experi- 
ments in the interferometer using thermal 
stratification and a warm water jet, rather than 
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one of salt. (The parameters of this flow are the 
same as for the salt water one except the Prandtl 
number replaces the Schmidt number.) The 
shroud was not observed. The probable ex- 
planation of its absence is that there are about 
two orders of magnitude difference between 
thermal and salt molecular diffusion rates in 
water. At 70”F, for low salt concentrations. 
SC = 635, while Pr = 6.81. The ratio of these, 
the Lewis number, is 93. Thus, thermal differ- 
ences diffuse 93 times faster than differences in 
salt concentration and, in a thermally buoyant 
flow, the shroud would be diffused away in the 
early stage of formation. 

With respect to the importance of the mole- 
cular diffusion of salt, a jet with Re = 100 and 
SC = 63, for example, is equivalent to one with 
Re = 10, SC = 630. Our experiments showed 
that if the K&r product was small, the shroud 
was very weak ; if this product was below about 
6000, no shroud was detectable. Therefore, if the 
Schmidt (or Prandtl) number is 6, the Reynolds 
number must be about 1000 to produce a shroud. 
This would result in turbulence. However, the 
shroud is suppressed by turbulent mixing. 

Assuming that a shroud is not produced by 
jets with an RrSc product of less than about 
6000 and setting the laminar limit as Re < 200, 
a minimum value of the Schmidt (or Prandtl) 
number for shroud production is 30. 

Froude ~urnbe~ 
If the initial buoyancy of the jet is zero or 

negative, the flow is completely different than 
discussed above. Instead of producing the tall. 
narrow jet, the flow flares out and reverses its 
direction like a fountain as soon as the negative 
buoyancy becomes su~cient to overcome the 
initial momentum. The downward flowing jet 
looks like a shroud itself, and ends in a cloud at 
the level of neutral buoyancy. However, another 
shroud is formed outside of this one and flows 
in the opposite direction. This shroud is weak, 
irregular, and barely discernable, but is of the 
same nature as the one produced by the tall. 
narrow jet. Figure 8b shows these features for a 

flow in which the level of neutral buoyancy of the 
jet is at the nozzle and Fr - co. Careful examina- 
tion of the area just outside of the bullet shaped 
region of the jet’s how reveals a fringe shift 
similar in form, but opposite to, that of the 
shroud in the interferograms in which Fr was 
not infinite. 

For jets with positive buoyancy, the Froude 
number has effects similar to those of the Rey- 
nolds number. Jets which are very buoyant 
have relatively large convective velocities, and 
these add to the effects of the forced velocity 
associated with the Reynolds number. 

Although the Froude number is extremely 
important in determining the type of flow. it in 
no way inhibits the formation of the shroud. 
Over the entire range of Froude numbers ob- 
served, shrouds could be produced as long as the 
other parameters were within the ranges 
suggested above. 

Summary 
There are apparently three restrictions im- 

posed on the jet and environment in order for 
the jet flow to form a shroud. 

(1) Flow must be laminar. 
(2) Environment must be stably stratified. 
(3) Chemical (or thermal) diffusion must be 

relatively slow. 
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APPENDIX A 

Technique of Velocity Determination 

Visualization of the flow field, and the measurement of 
velocities were accomplished by suspending Pliolite particles 
of about 0.005 in. dia. throughout the tank and jet water. 
A thin, vertical plane was illuminated in the plane of the 
jet. The beam of light was about $ in. thick by almost 3 in. 
wide. 

Velocities were determined from time exposures. For 
exposures of one second or less, the accuracy of time 
measurement was the same as that of the built-in shutter 
speed of the camera. For longer exposures, the camera was 
set on bulb and a micro-switch was set to trigger when the 
shutter opened and again when it closed. The time elapsed 
was measured with a four digit timer. 

Optimum results were obtained in measuring the velocity 

in and near the jet by exposures of less than one second, and 
velocities in the area of the shroud by exposures of several 
seconds. This was done on different negatives. The velocity 
profile of Fig. 4 is the combined result of data from three 
pictures taken in rapid succession. The flow is the same for 
all exposures. This was ensured by maintaining the head of 
the jet constant. 

APPENDIX B 

Technique of Density Determination 

A 5 in. Mach-Zehnder interferometer was used to 
determine the density throughout the flow field. Since the 
flow was axisymmetric, the density variation does not relate 
to the fringe shift by a constant. The interferometer shows 
average density along the path of each light ray. 

The local density may be determined by integration along 
the light path assuming a radial density variation. This is 
then iterated to achieve a variation which satisfies the inter- 
ferogram. This technique, in numerical form, was used by 
Hossain [4]. However, in this study the density field is 
solved by a set of simultaneous equations, a simpler but less 
precise method. Use of this method is justified because the 
complexity of the axisymmetric, stratified flow field, the 
small density differences, and the short optical path length 
render a more exact interpretation of the data impractical. 

Density profiles were assumed for each zone of flow. The 
jet was assumed to have a constant, known density pj, the 
cell was assumed to have a constant density of unknown 
value, and the shroud was assumed to have a parabolic 
density variation. The far field at a given vertical location 
had a constant density determined by its salt content. 

JETS VERTICAUX LAMINAIRES AXISYMETRIQUES DANS UN ENVIRONNEMENT 
STRATIFIE STABLE 

R&n&-Des experiences ont montre qu’un jet axisymttrique laminaire avec effet d’ Archimtde dans un 
environnement stratifie stable induit le mouvement dune cellule toroIdale autour de lui. La portion 
interieure de la cellule est pouss&e vers le haut par la frottement visqueux du jet et la portion exttrieure 
descend sous l’effet dune force d’Archim&de. Dans certaines conditions limites cette cellule entraine une 
couche mince de plus faible densite que le jet et est entouree elle-m&me par une sorte de nappe. La nappe 
tvolue dans une direction oppo& a celle du jet et sa densite est semblable a celle du jet. Les conditions 
favorables a la production de la nappe exigent que l’environnement soit stratifit et stable, et que les 
diffusivitbs molirculaires des fluides soient extremement faibles. Les jets turbulents ne semblent pas devoir 

produire un effet appreciable. 

EIN LAMINARER UND AXIALSYMMETRISCHER STRAHL IN EINER 
STABIL GESCHICHTETEN UMGEBUNG 

Zusammenfassnng-Experimente haben gezeigt. dass ein axialsymmetrischer. laminarer. aufwlrtsstre- 
bender Strahl in einer stabil geschichteten Umgebung die Strijmung in einer ringfijrmigen Zelle urn sich 
selbst induziert. Das innere Gebiet der Zelle wird durch die viskose Scherung des Strahls aufwartsgetrieben. 
und das lussere Gebiet sinkt infolge einer ncgativen Auftriebskraft ab. Unter gewissen Randbedingungen 
zieht die Zelle eine diinne Schicht des Strahles mit niedriger Dichte an und umhiillt sich damit. Die Hiille 
strijmt in einer Richtung entgegengesetzt zum Strahl, und seine Dichte ist entsprechend der des Strahls. 
Gilnstige Voraussetzungen fur die Erzeugung der Htille verlangen, dass die Umgebung stabil geschichtet 
ist und dam das molekulare Diffusionsvermiigen der Fluide, das damit verwickelt ist, Busserst klein ist. 

Turbulente Strahlen lassen die Erzeugung einer merklichen Hiille nicht erwarten. 
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JIAMMHAPHbIE I4 OCECklMMETPI4YHbIE REPTI4KA,lbHblE C:‘l‘t’S~II I( 
YCTOWWIRO CTPATM~B~BPORAHHOM CPE:jE 

AHHOT8I(EfJi-3KCIIe~MMeHTbI IlOK33bIB3IOT, ‘IT0 OCeCCIMMCTl)WIH3R .l~MIlIIkI~lHnrl (“I’) ,1, 

nOjJBep%eHHaFI fletiCTB&UO IIOn’btiMHOii CMJbI, 3 j’CTOfiWIl0 CT~3T~l~Ii~lI~OB~IIIlO~ Cf,e,(t’ 

BB3bIBaeT KOJIbIJeBOe RqeRCTOe TeYeHHe BOKPYI’ Ceh. hyT~1eHHfWI ‘IaCTb FIVefIIill IJbITfll‘ll- 

BaeTCR BBepX 38 WET BR3KOI.O HaTfIiKeHBR CTPJW, 3 IIHeIIIHflR-OIIjW3eTCII :J3 C’li!T 

OTpHqaTeJIbHOti IIOa%BMHOti CMZIbI. npli OFIpeAe&HHbIX O~paHMYlzI3aIOIIIIlX j%-IOBWlX, 3T3 

meha nepewemaemx Bfionb ~0KK0r0 colon CTpyEI c nmnoti moTKocTbI0 hi n c~o10 owpe;(L 

OKpJ’HtaeTCH =IeM-TO B JlOnC :IaqnTHoIo 3Kpafra. 3~0~ aKpaH xnumemn 13 tranpm.~emu, 
IIPOTBBOIlOJlOHiHOM CTpJ’e, bf ero ImoTHocTb xfa~orwma IIJIOTHOCTII CT~~M. YC.WI~IWI, 

6JIarOIIpMRTHbIe HJIfI C03RaHRR 3aqMTHOCi 06O.?OYKM, T[dJ9oT, 11T06bI OIiI_)j’xaIO~aH (‘pe,(;I 

6ma YCTOl%YllBO CTpaTH@HqMpOBaHH3 II YTO6bI MOJIeIij’JIH~H3H AI4@@‘311f? [‘aCCMaT[“iHkIeMLIX 

If(HAKOCTeti 6tma Vpe3BbIYatiHO MWIbI. &KMflaeTCfI, qT0 Typ@‘JIeHTKIJe CTI)?‘II 11(’ c~O:I~aK,‘I’ 

3HaYllTeJbHOfi 06O;IO~lFill. 


